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Abstract. We calculate explicitly the quadratic solution to the WDVV equations corresponds 
to the quasi-Coxeter conjugacy class E&(ai) using the associated classical IV-algebra. 



A Frobenius algebra is a commutative associative algebra with unity e and an invariant non- 
degenerate bilinear form (.,.). A Frobenius manifold is a manifold M with a smooth structure 
of Frobenius algebra on the tangent space TfM at any point t € M with certain compatibility 
conditions [7J. Globally, we require the metric (.,.) to be flat and the unity vector field e is 
constant with respect to it. In the flat coordinates (i 1 , ■■■,t r ) where e = g t r-i the compatibility 
conditions implies that there exist a function ¥(t , ■■■,t r ) such that 

Vij = (d t i,dti) = d t r-id t idp¥(t) 

and the structure constants of the Frobenius algebra is given by 

C^=^d tP d t S p ¥{t) 

where rf 1 denote the inverse of the matrix rjij. In this work, we consider Frobenius manifolds 
where the quasihomogeneity condition takes the form 

r 

(0.1) difdpFit) = {3-d) F(t); d r _i = 1. 

i=l 

This condition defines the degrees di and the charge d of the Frobenius structure. If F(i) is an 
algebraic function we call M an algebraic Frobenius manifold. The associativity of Frobenius 
algebra implies the potential ¥{t) satisfies a system of partial differential equations known as the 
Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equations: 

(0.2) d P d p d tk ¥(t) rj kp d t pd^d t n¥(t) = d t nd tj d t k¥(t) r] kp d tP d tq d P ¥(t). 

In topological field theory a solution to WDVV equations describes the a module space of two 
dimensional topological field theory [3]. 

Dubrovin conjecture on classification of algebraic Frobenius manifolds and hence algebraic 
WDVV solutions, is stated as follows: semisimple irreducible algebraic Frobenius manifolds with 
positive degrees di correspond to quasi-Coxeter (primitive) conjugacy classes in irreducible Cox- 
eter groups. A quasi-Coxeter conjugacy class in an irreducible Coxeter group is a Conjugacy class 
which has no representative in a proper Coxeter subgroup. 

There are two major results support the conjecture. First, the conjecture arises from study- 
ing the algebraic solutions to associated equations of isomonodromic deformation of algebraic 
Frobenius manifolds [7j,[S]. It leads to quasi-Coxeter conjugacy classes in Coxeter groups by 
considering the classification of finite orbits of the braid group action on tuple of reflections ob- 
tained in [12J. Therefore, it remains the problem of constructing all these algebraic Frobenius 
manifolds. Second, Dubrovin constructed polynomial Frobenius structures on the orbit spaces of 
Coxeter groups [6]. Then Hertling [9 J proved that these are all possible polynomial Frobenius 
manifolds. The isomonodromic deformation of Polynomial Frobenius manifolds lead to Coxeter 
conjugacy classes [7]. 
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The classification of polynomial Frobenius manifolds reveals a relation between the order and 
eigenvalues of the conjugacy class, and the charge and degrees of the corresponding Frobenius 
manifold. More precisely, If the order of the conjugacy class is k + 1 and the eigenvalues are 
ex P then the charge of the Frobenius manifold is and the degrees are ■ We depend 
on this weak relation in considering a new examples of algebraic Frobenius manifolds. In [2] we 
continue the work of [10] and we began to develop a construction of algebraic Frobenius manifolds 
using classical VF-algebras. This means we restrict ourself to conjugacy classes in Weyl groups. 
The examples obtained correspond, in the notations of [1], to the conjugacy classes D±(a\) and 
F 4 (a 2 ). 

In [3] we uniform the construction of polynomial Frobenius manifolds from classical VF-algebras 
associated to regular nilpotent orbits. In [5j we extend this result and we uniform the construction 
of algebraic Frobenius manifolds form the classical VF-algebras associated to subregular nilpotent 
orbits in the Lie algebra of type D r where r is even and E r . These subregular nilpotent orbits 
correspond to the regular quasi-Coxeter conjugacy classes D r {a{) where r is even and E r (a\), 
respectively. 

In this work we write explicitly the potential of the algebraic Frobenius manifold E^{a\). One 
of the main obstacles was that the minimal faithful matrix representation of the Lie algebra E% 
is the adjoint representation. This means that the elements of the Lie algebra are represented by 
square matrices of dimension 248. We overcome this problem by constructing instead the Weyl- 
Chevalley normal form. Another problem arises was the following. The Frobenius structure lives 
in a hypersurface which obtained by calculating the restriction of the invariant polynomials of the 
adjoint action to Slodowy slice. We avoid this calculation by returning to the method we used in 
[2] to obtain the algebraic Frobenius manifold ^4(02). Which depends on the existence of a local 
Poisson structure compatible with the classical VF-algebras (bihamiltonian structure). 

In this paper we will not review the rich and deep theory behind the construction of the 
WDVV solution from classical W- algebras associated to nilpotent orbits. The interested reader 
may consult the paper [1] and [2] for details. 

The resulting Frobenius manifold has the following potential F(ti, t%, tg, Z) which has 303 

monomial. Here Z is a solution of a quadratic equation where the coefficients are polynomials 

in ti,...,tQ and t%. We could not simply the potential F further. Any simplification comes 

with the price of losing the flat coordinates or having very large quadratic equation for Z. The 

quasihomogeneity reads 

111735 1 25 

(0.3) (^2*1^61 + 3*20 t2 + + -^Ud u + ^t B d tB + -t 6 d t6 + t 7 8 tr + -t 8 d t8 )¥ = —¥. 

In the end we would like to add that we are very impressed by writing this potential in a pa- 
per. But we believe that, this potential gives an idea about how complicated algebraic WDVV 
solutions could be. We write this potential in a Mathematica notebook file and we will up- 
loaded it in the sub-directory of the arXiv submission. It can also be found on the homepage 
|http://staffcv.uofk.e du /FMS /D ept-of-Pure-Math/ Yassir-Ibrahim / 
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392768y A 2^P*2* 3 *l*i 4283474000^^*3*1*1 468277715963^/ |||§*2*l*i 1 2 1120775995625^ i|§i*|*|*i 105422908928^/ 2 ||i 4 *2*l*|*i 

44109 1 2571233 868049325 h 2 t?tl + 78551067 22863297327 

412560582720000*|*|*i 135254310447593^^^*1*3*1*1 1043811292^^*1*6*1*1 490960 y^gp*l* 4 *5*i 320891456y / f 8 -*l* 6 *i 
+ 9302310655463 + 25808743233 58305 44109 185507751 

19489949684819y / £ 3 5 ^* 2 : * 3 *6*i 19214964674560^/ 12 ^ 57 *t* 8 *i 82122873884^11*1*3*4*8*1 47088135100y / ||*i*5*8*i 4901000^/ ^g^ 2 . 15 * 1* 5*8*1 
79860537900 609865163583 578565 1504269 + 86989 



18834016y' 4 ^ 5 4 -*2*4*6*8*i 8739209194496000^^^*2*1^*1 20502543564800 ^ 9 4 |°j;° 9 * 4 * 8 ^*i 53859449600^2542*2*3*1^*1 1295360y^|2|S*6*8-Z'*i 



220545 16443335374879 2875211641 5008941 5547 



00 



235520,/*§§|%t4*iZti lmmJ^jj^titstlZt! 17632 / 4324190 57621376 J j^t^Zh 2392274960 J^fa*!*^*! 

_i V _i_ V I / j. j. j. >y± I V _i_ V 

1849 ~" 1849 " 153 V 90321 2 3 5 52173 "~ 1059219 

205844480y / ^UUUZU 352 64 / 4324190 93968346863818240000^/ 97 ^ 5 5 t 2 t\ 380282459448883200000^/ 2i%3*4*i 

4290927 51 V 90321 tat(it:iZtl + 16752453636591350321 594640337161749277 

109833811208000^ 6270 4 3 785 *2*3*1 1441585094400713*6*1 9610567296000^13*3*4*1 2402641824000VT3* 2 * 5 *| 794569664y / fj§*2*4 
10773219728369 + 54629021179 + 382403148253 + 382403148253 + 17843016789 



574284891088122335^/ ^f44 1398279025^/ ^§|i^*2*i*l 174737587200^/ ^f^* 4 *5*| 3946800^ * 3 *6*| 125436480^/^^*4*1 



59769362364309 10574431 76694598889 12943 42277273 



28649412724^ ^jP*|* 4 *§ 328900^gt§t 4 tg 1973400 V ^* 2 * 3 * 5 *§ 95680^^^*5*6*1 62700755^13*1*4 13060761683^ 2ff *|* 3 * 4 
+ 30747192957 12943 12943 + 1333 1675044 + 41839668 



13060761683^ 2ff tjt 5 62 700755VT3* 2 *§* 5 300099623^^*1*4*6 3080 q 9 791095425835^^^*2*1*8 ^ 

+ 251038008 186116 + 575295435 289 V 6752823 * 3 * 5 * 6 + * 3 * 4 * 7 + * 2 ^ 7 5474043792 t 
ui 

1898304592^ ^t\t\u 23920^/^S| y t 2 tgt 8 614208439666441^2^4*3*8 47840^ 1 ™L.t 3 Ut 5 t 8 13060761683^^*1*6*8 62700755^13*1*6*8 3 

+ 238350333 1333 + 993106359648 1333 125519004 + 279174 f§ 

68219307474560 J^-*|*|Z 8610257920^/2^*2*4*1^ 1406268931799 J 131 23 110 t\t\Z 2037598 J j^t\Z 313100288 J ^^-tltjZ B 

i_j- j. j. I V V | V I V I V 

" 7X 24488871563 869250031 971244 193545 23186739199 



11662696 



/ 62201810 2 2 S 

V 622 4 8 1 3 81 ° i 2 i 3il^ 992751578*2*6*1^ 41478961^/^^8*2*3*6^ 992^51578*2*3*4*8^ 2432 / 5474 > 



+ Erioi 57TV ^/iQooflc *4*6*8^ fs 



1370109 1677 13354605 5031 39 V 5488395 

Where Z is a solution of the quadratic equation 

= Z 2 (608738081915930339100560332500071168090) + ^(1992603742548743242734057810247680007749772699*! 
-15056374516403940746108514432000007l57777102* 8 * 2 - 743052909140870331357658119816000079570* 2 *i) 
+326963614070713431645521199551350841540608 VTT68090*! - 1748384282979993565674663444993540096007l604204745* 8 * 7 
-1711334762076397518024060769393648435200739767*2*? + 996075944445476022950174508739584000071168090*1*^ 
+955666527977733620198734584000000074109435330* 3 * 4 + 851017654513588570617248640000007316110410* 4 *? 
+6163170995704608023209082224012800007l292646* 2 *8*? + 72405076097506744882740755857860007ll68090*|* 2 
+171777270766188423655519200000007l604204745*l*i +21025792068210172971062735400000073059* 5 *i 
-1475923102952084969266154070000007ll5552965* 3 *8*i + 223400586725581166350207258500000739767*2*1 

-3543280038267002167450969465312573139339*2*3 + 2485452338457346761844866525007l23400365* 6 - 168500549971312912076724000007l502188545* 4 *8 
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